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Abstrat
The ground state energy of the sinh-Gordon model dened on the strip is studied
using the boundary thermodynami Bethe ansatz equation. Its ultraviolet (small width
of the strip) behavior is ompared with the one obtained from the boundary Liouville
reetion amplitude. The results are in perfet agreement in the allowable range of the
parameters and provide onvining support for both approahes. We also desribe how
the ultraviolet limit of the eetive entral harge an exeed one in the parameter range
when the Liouville zero mode forms a bound state.
1 Introdution
It is often taken for granted that the short distane asymptoti of a two dimensional rela-
tivisti eld theory is desribed by a onformal eld theory (CFT). This oneption leads to
the working hypothesis that a massive eld theory an be onsidered as a perturbation of its
limiting CFT (CPT) by a relevant operator (or by a ombination of relevant operators) [1℄.
The orresponding (typially dimensional) oupling onstant determines the mass sale of the
perturbed model. This simple sheme holds for the most studied perturbed rational CFT's
and for ertain other models like the sine-Gordon or the imaginary oupled Toda eld theories.
The CPT approah also provides a systemati desription of the orretions to the ultraviolet
CFT asymptotis (with ertain reservations onerning the non-analytiity in the ouplings of
the vauum expetation values, see e.g., [2℄). This piture is partiularly appliable for nite
size eets, like the Casimir energy [3℄, where CPT is applied literally and is often onvergent
(see e.g. [4, 5℄). There are, however, eld theory models of dierent type, where the short dis-
tane asymptoti is onsiderably more ompliated and, up to now, no systemati desription
∗
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in terms of CPT or something similar is known. Conventionally these models an be alled the
non-ompat ones, sine sigma-models with non-ompat target spaes are mostly of this type
and reveal the same (or sometimes more severe) peuliarities of whih we're going to disuss
now.
The simplest example is the familiar sinh-Gordon model. This model has been studied for a
long time and is one of the rst disovered integrable theories [6, 7℄. The fatorized sattering
amplitude is one of the simplest possible and the omplete set of form-fators of the basi elds
is known in a very expliit form [8, 9℄. Many other harateristis suh as the vauum energy
and even the vauum expetation values (one point orrelation funtions) [10℄ are known exatly
(see below for a brief review). In addition, the most general integrable boundary ondition has
a quite simple form and the orresponding fatorized boundary sattering admits a omplete
desription [11, 12℄. (This will be reapitulated briey in setion 4).
However, it was reognized quite a while ago [13℄ that the short distane asymptoti of this
apparently simple model is muh more involved than the simple CPT senario pitured above.
Even if we do not talk about the short distane behavior of the orrelation funtions, whih is
not yet well understood even on a qualitative footing (see e.g., [9℄ for some preliminary results),
the ultraviolet behavior of the Casimir energy behaves in quite a dierent way from what we're
used to in CPT. The orretions to the formal c = 1 CFT preditions behave muh softer
than the usual series in appropriate powers of the sale. It was realized [14℄ that these leading
soft orretions are mostly ontrolled by the so-alled Liouville reetion amplitude (LRA), a
quantity of importane in the expliit onstrution of the Liouville eld theory (LFT) [14, 15℄.
(For an expliit onstrution based on the onformal bootstrap see [16℄.) Although there are
serious arguments to believe that LFT plays also an important role in the desription of the
UV asymptotis of other observables, inluding orrelation funtions, the nite size settlement
is probably the one where our urrent understanding is the best. The relation between the
UV behavior of nite size energy and the reetion amplitudes in related non-rational CFT's,
similar to what was rst argued in [14℄ for the sinh-Gordon ase, has been observed in other
integrable 2D models of exponential interation, suh as SUSY sinh-Gordon [17℄, ane Toda
systems [18℄ and the generalized sausage model [19, 20℄.
In the present publiation we report a study of a somewhat dierent settlement of the
Casimir problem where, instead of restriting the system to a nite irle with periodi bound-
ary onditions, we put it to a nite interval with integrable boundary onditions at both sides.
The ground state energy in this ase is measured by means of a modied version of the ther-
modynami Bethe ansatz (TBA), the boundary TBA (BTBA) [21℄. The UV orretions in this
ase turn out to be related to the boundary Liouville reetion amplitude (BLRA), the bound-
ary Liouville version of LRA. The system under onsideration turns out to be muh more rih in
physis than the periodi irle one, sine the boundary onditions provide enough parameters
to reah physially interesting regimes. But before turning to these interesting topis, let us
briey remind the standard periodi Casimir eet of the sinh-Gordon model to establish the
onvention.







2 + 2µ cosh (2bφ) (1)
Here φ is a two-dimensional salar eld, b a dimensionless parameter and µ a dimensional
oupling onstant whih determines the sale of the model. In partiular the physial mass m























The model is integrable and its fatorized sattering theory is ompletely haraterized by the
AA→ AA sattering amplitude
S(θ) =
sinh θ − i sin πp
sinh θ + i sin πp
. (4)
The knowledge of the sattering theory allows one to apply the TBA to nd the nite size















and ε(θ) is the solution to the non-linear integral TBA equation





(∗ stands for the onvolution in θ). The kernel ϕ(θ) is related to the ShG sattering amplitude
(4) as







4 sin πp cosh θ
cosh 2θ − cos 2πp (8)
In view of Eqs. (2, 4, 6), the ShG model possesses the weak-strong duality, b → 1/b (or
p→ 1− p), thus the analysis is restrited to 0 < b2 < 1 (or 0 < p < 1/2).









instead of E0(R). The most important asymptoti part of the eetive entral harge at R → 0
an be desribed in terms of the Liouville quantization ondition as
c
e
= 1− 24P 2 + power-like orretions in R (10)
where P is the solution of the transendental equation [14℄,
∆
L
(P ) = π + 4PQ log(R/2π) . (11)
∆
L
(P ) is the phase of the LRA
S
L






(P ) = −
(
πµγ(b2)
)−2iP/b Γ(1 + 2ibP )Γ(1 + 2ib−1P )
Γ(1− 2ibP )Γ(1− 2ib−1P ) . (13)
3
Here µ is the same oupling onstant as in Eq. (1) and in the Liouville ontext is alled the bulk
osmologial onstant. Expliit arguments leading to the relation in Eq. (11) will be given in
setion 2, for the more ompliated ase of the open nite size eets. We mention here only
that LFT an be obtained formally as a kind of redution of the Lagrangian (1): Negleting
one of the exponentials in the interation term, 2µ cosh (2bφ) = µ exp (2bφ) + µ exp (−2bφ), we







2 + µe2bφ . (14)
The former is known to dene a non-rational CFT with entral harge
c
L
= 1 + 6Q2 (15)
where Q is yet another onvenient parameter
Q = b−1 + b (16)
and is, for historial reasons, alled the Liouville bakground harge .
In what follows we are going to apply the same idea of [14℄ to the system on a nite strip of
length R with appropriate right and left boundary onditions (heneforth referred to as 1
and 2, respetively), and relate the small R asymptoti of the ground state energy E
strip
(R) to
the boundary Liouville reetion amplitudes S
B
(P |s1, s2) in [24℄. At the same time, Estrip(R)
an be alternatively measured through the BTBA. General integrable boundary ondition in
sinh-Gordon model ontains two ontinuous parameters at eah edge (see setion 4), so that
the open strip settlement oers, apart from the overall parameter b, four parameters to play
with. This makes the problem quite interesting and rih in physial phenomena. We will start
with some pedagogial reviews on BTBA and BLRA in the rst few setions and provide new
results in later setions.
The ontent is organized as follows. In setion 2, we desribe briey the boundary Liouville
problem and present the expliit expression for the boundary two-point funtion rst given in
[24℄, whih oinides with BLRA up to notations. Here the singularity struture and the strong-
weak duality of the theory are manifest in Barnes double-gamma and double-sine funtion [25℄
whose denitions and useful relations are found in the Appendix. In setion 3, semi-lassial
mini-superspae alulation [26℄ is presented, whih gives an independent support to the
BLRA and will feed our intuition in later disussion.
We begin setion 4 with a brief survey of the fatorized boundary sattering in the boundary
sinh-Gordon model [11, 12℄. Setion 5 is devoted to the general formulation of the whole four
parameter open strip problem. Here we develop the usual zero mode dynamis arguments,
whih relate the UV behavior of E
strip
(R) to the boundary Liouville quantization equation
(involving two dierent BLRAs, S
B
(P |s+1 , s+2 ) and SB(P |s−1 , s−2 )). In setion 6, straightforward
form of the related BTBA [21℄ is presented and its analyti properties are disussed. The
standard BTBA equation, however, in a ertain region of the parameters needs manipulation
of the singular behavior of the boundary fugaity to improve the slow onvergene of numeris.
It is to be noted in setion 7 that BTBA is insensitive to the sign of the boundary sattering
parameters, whereas BLRA is not. This mismath is again due to the singular behavior of
the boundary fugaity in BTBA and appears in other BTBA problems [27, 28, 29℄ as well.
BTBA is modied by introduing an additional term, relating to the sign hange of the one-
partile oupling in the boundary state [11℄. In setion 8, the BTBA equation is solved
numerially and is ompared to the result of BLRA. Small R asymptoti from BTBA with at
least one edge symmetri (having non-singular fugaity), is found in exellent agreement with
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the BLRA result when the parameters are away from the singularity domain of BLRA. Inside
the singularity domain, BRLA shows that Liouville zero mode is not traveling anymore but
trapped to form a bound state, whih in turn make the UV limit of the eetive entral harge to
exeed one. BTBA with both edges asymmetri' (having singular fugaity) supports perfetly
the BLRA result. Setion is devoted to the analyti alulation of the boundary ondition
dependent UV entral harge from BTBA and. The result is found to be in agreement with
the one oming form BLRA providing another onrmation of the onjetured relation between
the UV and IR parameters. Setion 10 is the summary and disussion.
2 Boundary Liouville reetion amplitude
Let us onsider Liouville eld theory (14) on a strip of width π, parametrized by the transversal
(spae) oordinate 0 < σ < π and the time t along the strip. The omplex oordinates are,
as usual ξ = σ + iτ and ξ̄ = σ − iτ . Conformally invariant right and left boundary onditions



















where, as before, the parameter b is related to the LFT entral harge (15) with (16). M1 and
M2 are alled the right and left boundary osmologial onstants as µ the bulk osmologial
onstant, and are onveniently parametrized in terms of the dimensionless parameters s1 and
s2 [24℄





Sine M1,2 are real they will be parametrized as follows: When M1,2 > M0, s1,2 = τ1,2 with τ1,2
real and positive. When −M0 < M < M0, s1,2 = ib−1(1/2+b2σ1,2) with −b−2/2 < σ1,2 < b−2/2
real. When M < −M0, there are serious reasons to believe that BLFT is not stable anymore
and we exlude this range from the investigations.
Let us denote B the spae of states of the LFT on the strip. Conformal invariane entails
the existene of a (single in this ase) set of generators Ln whih form the Virasoro algebra




(m3 −m)δm+n , (19)
It ats on B, splitting B into a set of its highest weight representations. The Hamiltonian, the
translation generator in τ , is
H = − cL
24
+ L0 . (20)








and onsider the region in the onguration spae where φ0 → −∞. Both the bulk and
boundary interation terms vanish in this region and we are left with the free massless boson
on the strip with free boundary onditions on both boundaries. It is onvenient, therefore, to
deompose φ(σ, τ) in the osillator modes





e−nτ cos (nσ) (22)
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Here
P = −i ∂
∂φ0
(23)














2/4 + P2 (25)
It is easy to argue (see [14℄) that the onformal invariane of the boundary theory presribes
the wave funtion of a primary state ΨP of dimension ∆P = Q
2/4 + P 2 to have the following
asymptoti in the region φ0 → −∞
ΨP = (exp(iPφ0) + SB(P |s1, s2) exp(−iPφ0)) |Fok vauum〉 . (26)
It is the oeient S
B
(P |sa, sb) near the reeted wave what is alled the BLRA. Exatly as
in the ase of bulk reetion [14℄, the boundary reetion amplitude is unitary
S
B
(P |s1, s2) = − exp(i∆B(P |s1, s2)) (27)
with the phase ∆
B




(P |s1, s2)SB(−P |s1, s2) = 1 . (28)
In the usual boundary CFT language the primary state (26) is interpreted as the one reated
by the (juxtaposition if the right and left boundary onditions are dierent) boundary operator
BQ/2+iPs1,s2 = exp((Q/2 + iP )φ)s1,s2 (29)
Hene, under a proper normalization the Liouville boundary reetion amplitude is diretly







































β − is1 − s2
2
)
Here Γb(x) = Γ2(x|b, b−1) and Sb(x) = S2(x|b, b−1) are the standard double-gamma and double-
sine funtions invented by Barnes [25℄ (see the Appendix for a brief list of denitions and useful
relations).
The BLRA is simply the same quantity with β = Q/2 + iP
S
B
(P |s1, s2) = DB(
Q
2
+ iP |s1, s2) (31)
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It is a meromorphi funtion of P and its phase allows the power expansion,
∆
B






For pratial alulations it is onvenient to represent the phase (27) in the form
∆
B





(P ) + ∆(P |s1, s2) (33)
where ∆
L
(P |s1, s2) is the bulk Liouville reetion phase (12), while the s-dependent part admits
a onvenient integral representation






cos(s1t) cos(s2t)− cosh(bt/2) cosh(b−1t/2) cosh(qt/2)
sinh(bt) sinh(t/b)
(34)
where q = b−1 − b. It is essentially a Fourier transform and is very onvenient for numerial
implementation.
The states with real values of the momentum P generally onstitute the ontinuous spetrum
of physial states
B = ⊗P≥0BP (35)
All these states are haraterized by the energy E > −1/24. There are, however, ertain
situations when additional disrete states appear. This happens if the reetion amplitude
S
B




> 0. Then in the asymptoti (26), the inident
wave is absent and the state is loalized. The pole an appear when at least one of M1 or M2
is negative enough. In the σ-parametrization the related poles in the BLRA (31) appear at
Pn = i
(




b ; n = 0, 1, ...,
[




where [a] stands for the greatest integer less than or equal to a and the boundary parameters
are limited as
1 < σ1 + σ2 < b
−2
(37)
(The right hand side inequality follows from the requirement of the stability of the system
Ma > −M0).
For later omparisons let us quote here the semi-lassial expression for BLRA (31): in the






Γ(2ik)Γ(1/2− σ − ik)
Γ(−2ik)Γ(1/2− σ + ik) (38)
where σ = (σ1 + σ2)/2.
3 Mini-superspae approximation
In this setion we provide a semi-lassial onrmation of the BLRA (38). Let us onsider the
semi-lassial regime where b → 0 while k = P/b and the boundary parameters σ1,2 are kept
xed so that
M1,2 = −(πµ)1/2bσ1,2 (39)
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In the mini-superspae approximation one neglets all the osillator modes, replaing the Fok
spae by the vauum state, and takes into aount only the dynamis of the zero mode (21).








+ πµe2bφ0 + (M1 +M2)e
bφ0
(40)




















where σ = (σ1 + σ2)/2 and
Wλ,µ(z) =
zµ+1/2e−z/2
Γ(1/2 + µ− λ)
∫ ∞
0
e−zttµ−λ−1/2(1 + t)µ+λ−1/2dt (43)
is the Whittaker funtion [30℄. At φ0 → −∞
ψ(φ0) ∼ eibkφ0 −
Γ(1 + ik)Γ(1/2 + ik)Γ(1/2− ik − σ)









)−ik Γ(1 + ik)Γ(1/2 + ik)Γ(1/2− ik − σ)
Γ(1− ik)Γ(1/2− ik)Γ(1/2 + ik − σ) (45)
in omplete agreement with the orresponding limit of the exat BLRA (38).
4 Boundary sinh-Gordon sattering
In this setion we analyze the sinh-Gordon model with the Lagrangian (1) in the half-spae
y < 0. The boundary theory is speied by the boundary ation, whih in the most general















M+ebφ(0, y) +M−e−bφ(0, y)
]
dy (46)
It will be onvenient to parametrize the boundary oupling onstantsM± following (18) through
the (self-dual) parameters s+ and s− as follows
M± =M0 cosh(πbs
±) (47)
Integrable boundary onditions are haraterized either through integrable boundary inter-
ations or through fatorized boundary satterings. The relevant amplitude of the fatorized





where the minimal amplitude R0(θ) is independent of the boundary parameters
R0(θ) =
sinh (θ/2 + iπ/4) cosh(θ/2− iπp/4) cosh(θ/2− iπ(1− p)/4)
sinh(θ/2− iπ/4) cosh(θ/2 + iπp/4) cosh(θ/2 + iπ(1 − p)/4) . (49)
Note that R0(θ) is singular at θ = iπ/2, whih orresponds to the emission of a zero momentum
partile by the boundary state in the rossed hannel, see [11℄ for the details.
The seond multiplier gives the boundary parameter dependene
R(1)(θ|η, ϑ) = sinh θ − i cosh(pη)
sinh θ + i cosh(pη)
sinh θ − i cosh(pϑ)
sinh θ + i cosh(pϑ)
(50)
Here η and ϑ are related to the self-dual parameter s± [24, 31℄
2bη = π(s+ + s−) , 2bϑ = π(s+ − s−) (51)
Heneforth, we will all the symmetri boundary the one with M+ = M− (or s+ = s− = s).
For the symmetri boundary we have
bη = πs , ϑ = 0 (52)
Let us quote here the expression for the boundary energy f(η, ϑ) as the funtion of the




(2 cosh(pη) + 2 cosh(pϑ)− sin(πp/2)− cos(πp/2)− 1) (53)
where, as in (6), m is the mass of the fundamental partile of the sinh-Gordon sattering theory.
At the best knowledge of the authors this expression has never been obtained rigorously. The
best way to derive it is to apply the standard relation between the BTBA kernel and the bulk
and boundary energy (see [32℄ or [31℄ for details). However, stritly speaking this relation is
justied only in the ase of a standard ultraviolet pattern of perturbed rational CFT. It is
the regular perturbative struture of the short distane orretions whih allows to require the
anellation of the linear and onstant terms [32℄. In the ase of the sinh-Gordon theory this is
ertainly not the ase. As we mentioned in the introdution, the ultraviolet struture is more
ompliated and it is not lear for us how to ask for suh anellation against a bakground of
muh bigger soft orretions. Another way would be to relate the exat one-point funtion
of the boundary operator exp(bφ)s,s to f(πsb
−1, 0) [24, 31℄. However this is not a derivation,
sine exatly this relation has been used to gure out the relation (51) between the Lagrangian
and parameters of the sattering theory. Although to our onvition there are no doubts about
that expression (53) is orret, in the absene of a rigorous derivation the analysis presented
below an be onsidered as its important support.
5 Sinh-Gordon on a strip
Now we are ready to onsider the whole problem of the sinh-Gordon model on a nite strip
with two dierent boundary onditions at the right and left boundaries. Let R be the width of
the strip. Apart from the bulk parameters b and µ, we need four extra boundary parameters



































Saling properties of the bulk and boundary elds allow to redue the width of the strip R to π
while rendering the R dependene diretly to the oupling onstants. This is ahieved through






























Notie that the boundary parameters (56) are unhanged under this resaling.
For our present analysis it is a good idea to single out the zero mode (21) of the eld
φ(σ, τ) and introdue the osillator operators an through (22), (23) and (24). The following


























bφ(0, 0) +M−1 e
bφ(0, 0) +M+2 e




Here the exponentials are thought as normal ordered with respet to the operators an, e.g.,


















In the present study we are interested in the ground state energy E12(R) of the strip system.
In terms of the Hamiltonian (58) it redues to nding its lowest energy eigenvetor Ψ0
H
strip
Ψ0 = E12(R)Ψ0 (60)
in the spae of states
B
strip
= L2(φ0)⊗ (Fok spae of osillators) . (61)
Of ourse in general this is a ompliated innite dimensional problem. However, in the narrow
strip (ultraviolet) asymptoti R → 0, whih we mostly onsider in the present study, there is







, where both the bulk
and the boundary interation terms in (58) an be negleted (see [13℄ for similar onsiderations
in the losed geometry). Here an approximation similar to the mini-superspae one of setion
3 is rightful and











where we introdued a (R dependent) momentum parameter P . This parameter is xed by
the solution of the problem outside the free region, requiring a usual deay of Ψ0 at φ0 → ±∞.
In our approximation we neglet exp(−bφ) and exp(−2bφ) at φ0 → ∞, reduing the problem










(P |s+1 , s+2 ) . (63)










(P |s−1 , s−2 ) . (64)
Eqs. (63) together with (64) give the boundary version of the Liouville quantization ondition
(BLQC) and for the ground state P is hosen as the solution to the transendental equation
− 4PQ log(R/π) + ∆
B
(P |s+1 , s+2 ) + ∆B(P |s−1 , s−2 ) = 2π . (65)
Equations (62) and (65) with the boundary Liouville reetion phases onstitute our ap-
proximation. In the limit R → 0 the solution to P is small
P ∼ π−2Q log(R/π) . (66)
Therefore the smaller the value of P , the better is our approximation. On general footings
we expet that the leading orretion to Eqs. (62) and (65) are of order R2bQ (see [33℄ for
analogous onsideration about the ylinder ase). In view of (66) this means that this orretion
is exponentially small in P and is of the order of exp (−bπ/P ).
6 Boundary TBA equation











where ε(θ) is the solution to the BTBA equation
ε = 2mR cosh θ − ϕ ∗ L(θ) ; L(θ) = log(1 + λ12e−ε)(θ) . (68)
Here ∗ is ordinary onvolution over the real axis of θ. The strip ground state energy is normal-
ized to ompare with the one E12(R) in (62) obtained using the BLQC.






The quantity λ12(θ) is alled the boundary fugaity and is given in terms of the boundary
sattering amplitude in Eqs. (49) and (50) as:
λ12(θ) = K1(−θ)K2(θ) (70)
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where K1,2(θ) = K0(θ)k1,2(θ) is given in terms of the boundary fatorized sattering amplitude
Eqs. (49, 50)
K0(θ) = R0(iπ/2− θ) , k1,2(θ) = R(1)1,2(iπ/2− θ).
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Let us note that λ12 is in general singular at θ = 0, whih reets the one-partile emission at the
boundary [11℄. However, this singularity vanishes if at least one of the boundaries is hosen,
say, ϑ1 = 0, to be symmetri. Then, the double pole in K0(−θ)K0(θ) is aneled with the
double zero of k1(−θ)k1(θ) and the one-partile emission disappears. In this ase the numerial
analysis of the BTBA equation (68) does not show any slow onvergene. Stritly speaking this
is the validity range of the original derivation of the BTBA equation (68) in [21℄ and we are
safe to apply it only in this domain. Its extension for the ase when both one-partile boundary
ouplings are non-vanishing requires some are and we devote the next setion to this issue.
7 BTBA equation with both edges asymmetri
If both boundaries are asymmetri we fae with oneptual and numerial problems. As the
infrared analysis in [34℄ showed the BTBA equation (68) desribes properly the ground state
energy only for g1g2 > 0. Even in this ase the numerial analysis is also in trouble sine
even though the onvolution integration in (68) is nite, numerial evaluation is very slow in
onvergene.
To avoid this, one may rewrite the BTBA so that the onvolution of the singular part is
analytially integrated out. One way is to put
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cosh θ − cosπ(p− γ)×
(cosh 2θ − cos 2π(p+ γ))(cosh 2θ − cos 2π(p− γ))
(cosh 2θ − cos 2πp)2
}
.
Here sin γπ ≡ |g1g2|e−mR/2 and g1g2 = 2
√
limθ→0 θ2 λ12(θ) is the residue of the fugaity,
identied as














, a = 1, 2 . (75)
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This form of the boundary TBA results in the energy of the form






dθ cosh θ Lℓ(θ) . (76)
where the one partile ontribution is manifested at large distanes. For g1g2 > 0 it is in
aordane with the boundary analog of the Lüsher type orretion [34℄ and Lℓ(θ) an be
further expanded in even number of partile ontributions, i.e., powers of e−2mR for suiently
large volume.
There are other hoies to de-singularize the BTBA. Another useful form [35, 36, 37℄ is
given as
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dθ cosh θ Ls(θ)
}
, (78)
Not only the infrared analysis suggests that the BTBA equation (68) annot be orret for
any hoie of the boundary parameters if ϑ1 · ϑ2 6= 0 but this an be seen also from the UV
analysis: The strip ground state energy obtained from BTBA Eq. (69) is not sensitive to the
sign hange of ϑ sine the boundary fugaity in Eq. (71) is not hanged. On the other hand, the
energy Eq. (62) from the BLQC is sensitive to the sign hange of ϑ as we show now. Suppose
we hange ϑ1 into −ϑ1, then aording to the relation (51) s+1 turns into s−1 and vie versa so
that the quantization in Eqs. (65) reads
− 4PQ log(R/π) + ∆
B
(P |s−1 , s+2 ) + ∆B(P |s+1 , s−2 ) = 2π . (79)
This hange is serious if ϑ1 · ϑ2 6= 0 (see Eqs. (33, 34)). Thus, raises a serious question whih
one is orret.
This mismath is also noted in the ontext of other dierent BTBA problems [27, 28, 29℄.
It turns out that the soure of trouble is the singular behavior of the fugaity and to ure the
trouble one needs to modify the original BTBA in Eq. (68) when ϑ1 · ϑ2 6= 0.
The orret equation an be obtained by analytial ontinuation in the one-partile bound-
ary oupling g in a model-independent way: To initiate, one notes that the double pole of the
fugaity indues a pair of zero singularity satisfying
1 + λ12(θ)e
−ǫ(θ) = 0 (80)
on the imaginary rapidity axis. This an be easily seen at the infrared (IR) limit. In this ase
putting the zero positions θ = iu and noting ǫ ∼= 2mR cosh θ, one has for Eq. (80)
λ12(iu) e
−2mR cos u = −1 .

















Figure 1: Integration ontour is deformed inluding the zero singularity positions
The onvolution integral along the real axis is nite. In order to desribe the opposite sign
of g (or ϑ) ase, one analytially ontinues the BTBA equation by deforming the integration
ontour and piking up the zero singularity ontribution as shown on Fig. 1. If one integrates by
part the onvolution term turns the zero of the logarithm argument to a pair of pole singularities.
Finally one arrives at the ompat form of the new BTBA equation,
ǫ(1)(θ) = 2mR cosh θ + log
S(θ − iu)
S(θ + iu)
− ϕ ∗ log
(




where u > 0 is the positive solution of the zero singularity
λ12(iu) e
−ǫ(1)(iu) = −1 , (83)
The modied energy has the form











One may see the impliation of this result easily at the IR limit. The dominant energy beomes,
with the help of u > 0 in (81),
E(1)(R) = m sin u−m |g1g2|
4
e−mR + · · · = m |g1g2|
4
e−mR + · · · , (85)
whih ips the sign of the IR ontribution in (76). This result is in agreement with the boundary
analog of the Lüsher type orretion [34℄. Its onrmation in the UV region will be provided
by omparing its numerial solution with the one obtained from the BLRA in the next setion.
8 Numerial study
In the previous setions we presented two dierent expressions for the strip ground state energy;
one from BLQC Eqs. (62 ,65) and the other from BTBA Eqs. (68, 69) or Eqs. (82, 83, 84). These
expressions are given either as a transendental equation or as a nonlinear integral equation
and are not easy to ompare using the analyti expression. In this setion, we provide the
numerial study in a variety of parameter range.
We rst note that the BLRA gives the expliit expression of ∆(P |s1, s2) in (34) and ∆L(P )
in (12, 13). On the other hand, the ground state energy is obtained through the BLQC Eq. (65)
∆(P |s+1 , s+2 ) + ∆(P |s−1 , s−2 ) = 2π + 4PQ log(R/π)−∆L(P ) , (86)
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whih relates P to the sale R. Thus, to ompare the two dierent approahes, we are enough
to nd the relation R(P ) using the BTBA. This relation is obtained via the eetive entral








one we use Eq. (62). Then, the Liouville boundary phase ∆(TBA) from the BTBA is given as
∆(TBA)(P
TBA








Thus, the numerial hek is to ompare (87) with the analyti expression (34). It is noted that
the bulk expression ∆L(P ) in (12, 13) turns out to be in exellent agreement with the TBA
result even up to the order of P ∼= 1 (see some of the results in Ref. [14℄).
















∆   (P)
b=0.8992..
Figure 2: ∆(P |s, s) v.s. P with real s: Solid lines refer to the Liouville expression, while irles
represent BTBA result (b2 = 0.8086 is taken).
8.1 Symmetri ase
We rst restrit ourselves to the ase with at least one edge being symmetri, i.e., s+1 = s
−
1 = s1
or ϑ1 = 0 sine in this parameter range, we an avoid the singular behavior of the boundary
fugaity λ12(θ). The simplest ase is when both boundaries are symmetri so that the right
edge also has s+2 = s
−
2 = s2 or ϑ2 = 0 but s2 is not neessarily the same as s1. Here we an use
that bηa = πsa (a = 1, 2). In this ase, Eq. (87) simplies to
∆(TBA)(P
TBA










In Fig. 2 the numerial results for ∆(TBA) are ompared with the analyti boundary Liouville
expression for the ase of two idential boundaries s1 = s2 = s at b
2 = 0.8086 with purely real
values of s > 0. Another plot is presented for imaginary values of s in Fig. 3.
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∆   (P)
b=0.8992..
Figure 3: ∆(P |s, s) v.s. P with imaginary s: Solid lines refer to the Liouville expression, while
irles represent BTBA result (b2 = 0.8086 is taken).












Table 1: Result for ∆(P |s, s) v.s. P when s = 0.80i and b2 = 0.8086.
At P smaller than 0.15 the numerial agreement is impressively good, as it is illustrated in
Table 1 for the example of s = 0.80i.
The agreement is also quite good up to P ∼ 1 where the values of R are already well bigger
than the orrelation length m−1 and we expet the power orretions in R to ome into play.
This an be explained by the fat that after the ontributions of the boundary and bulk vauum
energy are added in Eq. (69), the power orretions to c
e
begin with a rather high power of R
(indeed, they are expeted to be ∼ R2+2b2 at b < 1).
Dierent boundaries with s1 = s and s2 = s
′
, allow to measure the Liouville reetion phase
∆(P |s, s′). In Fig. 4 the results are presented for s = 0.5i and b2 = 0.8086.
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∆   (P,s,s’)
b=0.8992..
s=0.50i
Figure 4: ∆(P |s, s′) v.s. P : Solid lines refer to the Liouville expression, while irles represent
BTBA result (s = 0.5i and b2 = 0.8086).
8.2 Disrete mode's ase
As far as one of the edges is symmetri, the two approahes, BTBA and BLRA, are in good
agreement. However, as s1 and s2 approah to the ritial value Im(s1+s2) = Q, where∆(P |s, s)
beomes singular, the agreement fails exept at a small region of P , whih is seen in Fig. 3
when s1 = s2 = 0.95i and b
2 = 0.8086 (in this ase the atual ritial value is s = 1.00565i).
In fat, there is a parameter range where Im(s1 + s2) exeeds the ritial value Q so that the
BLRA has the pole at imaginary value of P Eq. (36) and at the same time, Im(2bηa) < πQ
and Im(2bϑa) < πQ for a = 1, 2 so that there is no boundary bound state in the IR boundary
sattering theory. This range is given by the following onditions satised simultaneously:





, σ+1 + σ
−




2 < 1 . (89)
In this region, the UV limiting value of c
e
exeeds 1 as shown in Fig. 5. Then, a question
arises: How is c
e
in Eq. (69) related to the one Eq. (62) from BLQC?
At rst sight, this question seems not to make any sense sine the parameters simply violate
the onvergene of ∆(P |s1, s2). As disussed in setion 2, this orresponds to the ase when the
primary operator is not reeted at the Liouville potential wall but is trapped inside as a bound
state, whih an be easily given in the semi-lassial approximation in setion 3. This happens
when M±1,2 is suiently negative, but not too, so still maintaining the stability of the system.
This suggests that the Hilbert spae has the disrete spetrum as well as the ontinuous one




























+ mark for p=0.4
 x mark for p=0.4471
Figure 5: c
e
v.s. logR : +-marks are given for p = 0.4 (BLRA predits c
e
(0) = 1.0225) and
x-marks are given for p = 0.4471 (BLRA predits c
e
(0) = 1.02729025).






















+ mark for p=0.4 (TBA)
solid line for p=0.4 (BLRA)
 x mark for p=0.4471 (TBA)
 dashed line for p=0.4471 (BLRA)
Figure 6: log(−ǫ(R)) is plotted against log(mR
π
) for parameters p = 0.4 and p = 0.4471. Solid














Table 2: ceff(R) and log(−ǫ(R)) obtained from BTBA for various values of log(mRπ ) at p = 0.4:
log(mR
π









Table 3: ceff(R) and log(−ǫ(R)) obtained from BTBA for various values of log(mRπ ) at p = 0.4471

















This will give the UV limiting value of the eetive entral harges greater than 1.
cn±
e
(0) = 1 + 24|Pn±|2 > 1 . (91)
The c
e
(R) is given in Table 2 and Table 3 and is plotted in gure 5 orresponding to the
parameters σ+1 = σ
−
2 = 17.5/40, σ
+
2 = 25.5/40, σ
−
2 = 9.5/40, whih satises the bound in
Eq. (89). Eq. (91) predits c+
e
(0) = 1.0225 when p = 0.4, and c+
e
(0) = 1.02729025 · · · when
p = 0.4471, whih agree with the BTBA results. Sine BTBA is derived from the saddle point
of the partition funtion it always reprodues the lowest energy state.
We heked this UV limiting value of the eetive entral harge from BTBA for various
ranges of the parameters and found a omplete agreement. Interestingly, the leading orretions
to the eetive entral harge ceff(R) are no longer logarithmi in the volume but powerlike.
They are not of perturbative origin, however, but are governed by the analytial ontinuation
of the BLQC as we now show. For this we rewrite the BLQC in the exponentiated form






The disrete mode orresponds to the pole singularity of one of the BLRA say SB(P |s+1 , s+2 ).
As the volume dereases P gets lose to the pole at Pn+as P = Pn+ + iǫ, so we approximate
the BLRA in the neighborhood as











+ . . .
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For small enough R we determine ǫ from (92)
ǫ(R) = G(s+1 , s
+

















In the same spirit we ompared the BTBA with the exat BLRA we an alulate ǫ(R) from
BTBA and ompare with the expression (93). The data of log(−ǫ(R)) from BTBA for various
values of log(mR
π
) at p = 0.4 and p = 0.4471 is given in Table 2 and Table 3 and the log-plot
is given in Figure 8.2. The expeted slope is 4|Pn+|Q whih is 0.25 for p = 0.4 (and 0.27129
for p = 0.4471). The tted value using the lower 4 points is 0.2510 for p = 0.4 (and 0.2719 for
p = 0.4471). Small R results give more aurate slope and one an see the omplete agreement.
It proves the orretness of the BLRA not only for real but also for imaginary values of P .
8.3 Asymmetri ase
Next, we are onsidering the ase when both of the edges are asymmetri. The BLQC is given
as a ombination of dierent boundary Liouville phases. Lets us suppose that ϑ1 · ϑ2 > 0, thus
we have
∆(P |s+1 , s+2 ) + ∆(P |s−1 , s−2 ) = 2π + 4PQ log(R/π)−∆L(P ) ,
then if we swith one of the sign of ϑ's so that ϑ1 · ϑ2 < 0, we have
∆(P |s+1 , s−2 ) + ∆(P |s−1 , s+2 ) = 2π + 4PQ log(R/π)−∆L(P ) .
Sine individual phases are onrmed already using the ase with at least one boundary sym-
metri, this settlement looks not to provide any new information to the Liouville phase. Nev-
ertheless, this ombination is important to hek the orretness of the analytially ontinued
BTBA.
The numerial results are in perfet agreement with the exat Liouville amplitude if the
improved version of BTBA Eqs. (72, 76) or Eqs. (77, 78) is applied when ϑ1 · ϑ2 > 0, and the
modied BTBA Eqs. (82, 83, 84) is applied when ϑ1 · ϑ2 < 0. This result is plotted in Fig. 7
when s−1 = s
−
2 = 0, for simpliity. In this ase, the phase ombination beomes
∆A(P ) =
∆(P |s+1 , 0) + ∆(P |0, s+2 )
2







for ϑ1 · ϑ2 < 0
∆S(P ) =
∆(P |s+1 , s+2 ) + ∆(P |0, 0)
2







for ϑ1 · ϑ2 > 0 .
Other onvining numerial heks are presented in Table (4) and Table (5).
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Figure 7: Plot of ∆S(P ) (upper blak line and green dots, for ϑ1 · ϑ2 > 0) and ∆A(P ) (lower
red line and blue dots, for ϑ1 · ϑ2 > 0) for the asymmetri boundaries with b2 = 0.8086 and
s+1 = s
+




2 = 0: Solid lines refer to the Liouville expression and irles to
the BTBA and modied BTBA result.














Table 4: Result for ∆S(P ) v.s. P when b
2 = 0.8086 and s+1 = s
+



















Table 5: Result for ∆A(P ) v.s. P when b
2 = 0.8086 and s+1 = s
+






9 Calulation of the UV entral harge from BTBA
In this setion we analyze the UV behavior of the BTBA equation (68). We are able to desribe
the leading small volume behavior of the entral harge analytially using the idea developed





















k2n = 1− α2k
2
2
+ . . . (95)
where α = π
√
p(1− p) = π
Q
and write the BTBA equation (68) for the resaled funtions
θ → θ + x with x = logmR in the form of an innite order ordinary dierential equation as







We approximate this equation in various rapidity domains in dierent manners. Sine L(θ) is
even we restrit the onsiderations to the θ < 0 region. Furthermore we are interested in the
R → 0 , x → −∞ limit that is we neglet the e2x−θ term, keeping in mind that we have the
same ontribution from this term in the θ > 0 domain. We distinguish three rapidity regions
as follows: x ≈ θ, x≪ θ ≪ 0 and θ ≈ 0. If θ ≈ x the fugaity term is not relevant but we have
to keep all the derivatives of L. If x≪ θ ≪ 0 we an additionally neglet the eθ term together
with higher derivatives of L. In this domain, whih we all the plateaux domain, L is large and





(θ) + e−L(θ) = 0 (97)
The orresponding solution is
L(θ) = log
sin2 λ(θ − a)
λ2α2
(98)
with two arbitrary parameters, λ, a, whih an be xed from the boundary onditions. The
orresponding entral harge is
c
e
(x) = 1− 6λ
2α2
π2
+ . . . (99)
As we derease the volume, R → 0, the plateaux region beomes larger and larger and the
approximation is better and better. So in this way we desribe the leading orretion to the
entral harge.
The boundary ondition at x is provided by the kineti term eθ as L(x) = 0. In ontrast,
the boundary ondition at the origin is determined by the boundary fugaity. If
(log λ12)(k = 0) =
∫ ∞
−∞
dθ log(λ12) < 0 (100)
then we an demand the L(0) = −∞ boundary ondition. This results in
λ =
π
(α− x) ; a = 0





(x− α)2 + · · · = 1−
6π2
Q2x2
+ . . .
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whih is in aord with the result of BLRA (66).
In the opposite ase when (log λ12)(k = 0) > 0, the parameter λ turns out to be imaginary
λ = iκ and we have to t the parameters of the following funtion:
L(θ) = log
sinh2 κ(θ − a)
κ2α2
(101)
Demanding L(x) = 0 we have a = x − α. The variable κ is determined from the boundary
ondition at the origin, whih is provided by the boundary fugaity. Clearly L behaves as
L ∝ −2κθ at the middle of the plateaux region, and we will determine the value of κ by
omparing to the solution around the origin θ ≈ 0. Here the kineti term an be negleted (but
not the fugaity) and we arrive at the equation






If we additionally suppose that ǫ is large negative, whih follows from L ∝ −2κθ we arrive at
the equation
log λ12 − L = −ϕ ∗ L
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−θ [2− x] iπ
2
+θ. We also put η1 = η2 = η and ϑ1 = ϑ2 = ϑ. If in the Fourier transform
we have a singular term around the origin as − Λ
k2
then in its inverse Fourier transform we have
a behavior as −Λ
2











(x) = 1 +
6κ2α2
π2




p(1− p) + · · · > 1 (104)
whih agrees with the result oming form the BLRA (91) when the Liouville zero mode is
trapped in the Liouville potential. This gives a onvining analytial support for the UV-IR
relation (51) and shows the orretness of both the BLRA and the BTBA.
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10 Disussion
We have analyzed the ground-state energy of the sinh-Gordon theory dened on the strip subjet
to integrable boundary onditions in two omplementary ways using BTBA and BLRA.
BTBA, being a nonlinear integral equation, systematially sums up the nite size orretions
to the innite volume ground-state energy by taking into aount the information on the semi-
innite boundary sattering theory. As a onsequene it is formulated in terms of the boundary
reetion fators and is reliable in the IR regime. In the ase of the boundary sattering theories
orresponding to perturbed rational BCFTs the areful analysis of the UV limit of BTBA allows
the determination of the entral harge together with the perturbative power-like orretions.
We have shown in the paper that, in ontrast to this usual behaviour, the UV limit of the
boundary sinh-Gordon theory is governed by a non-rational BCFT: the BLFT. The ground-
state energy aquires soft (logarithmi) orretions in the volume determined by the BLRA, the
most important quantity in the bootstrap solution of the BLFT. This approah is valid in the
UV regime and desribes the ground-state energy in terms of the parameters of the Lagrangian.
As a rst step we solved numerially the BTBA and ompared with the preditions om-
ing form the BLRA. In general, we found a onvining evidene of the orretness of both
approahes. In partiular, we heked the previously onjetured relationship between the IR
and UV parameters (51) and onrmed the preditions of BLRA. Then we used the results of
BLRA to hek the analytially ontinued BTBA.
The semi-lassial piture, provided in the paper, suggested the existene of a disrete part
of the Hilbert spae, whih orresponds to the ase when the Liouville zero mode is trapped in
the boundary Liouville potential. We onrmed the adequay of this piture at the quantum
level by numerially alulating the eetive entral harge, whih exeeds one in this ase. By
adopting a method to ompute analytially the leading behaviour of the UV entral harge we
were able to derive its value exatly. This provides another support for both the UV-IR relation
and BLRA.
Besides onrming the validity of BLRA, whih is a widely used quantity in 2D quantum
gravity, we provided evidene for the disrete part of the Hilbert spae. It would be interesting
to analyze further its onsequenes.
The way we performed the analytial ontinuation in the one-partile boundary oupling
in BTBA makes possible to apply the result diretly to other theories, like boundary Toda
theories, where the integrable boundary onditions form a disrete set and there is no room
for playing with any ontinuous parameter. As a onsequene, the reetion fators omputed
from the boundary bootstrap priniple in the IR an be ompared via the modied BTBA
to the parameters of the ATFT valid in the UV. This will help to nd the sofar unrevealed
orrespondene between the two sets of integrable boundary onditions.
In [40℄ the nite volume desription of the sinh-Gordon model originating from an integrable
lattie realization was analyzed. It would be nie to perform a similar analysis for the boundary
sinh-Gordon theory and explore the analogue of the trapped Liouville mode on the lattie.
Finally, we note that similarly to the analysis of the bulk stairase model [13℄ its boundary
version an be investigated further, along the line of [41℄, in order to understand better its UV
limiting theory.
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11 Double gamma and double sine
The double gamma funtion Γb(x) was introdued by Barnes [25℄ through the analyti ontin-
uation in z of the double zeta-series








onvergent if z > 2 (we suppose that ℜe b > 0). The analyti ontinuation an be ahieved by
the following integral representation










where the ontour C goes from +∞ to +∞ enirling the brunh ut of (−t)z ounterlokwise.











Like ordinary gamma funtion, Γb(x) is a meromorphi funtion with no zeros and simple poles
loated at x = −mb − nb−1 with (m,n) a pair of non-negative integers. All these poles are
inside the wedge
|arg x| > π − arg b
(we imply here that ℑmb ≥ 0), whih for real b shrinks to the negative part of the real axis.
























= −Γ′(1) is the Euler's onstant.





































n!(k − n)! b
2n−k
(111)
and Bn are usual Bernoulli numbers. One of the eetive numerial algorithms is to use several
times one of the shift relations (whihever is more onvenient) to render the argument to a
region where the Stirling formula with a reasonable number of asymptoti terms is eetive.











































































Being a Fourier transform this representation is onvenient for numerial alulations. Outside
the strip of onvergene Sb(x) is restored via one of two dual shift relations (whih probably
inspired the name of the funtion)
Sb(x+ b) = 2 sin(πbx)Sb(x) (114)
Sb(x+ 1/b) = 2 sin(πx/b)Sb(x)
It is a meromorphi funtion of x with poles at x = −mb − nb−1 with m and n non-negative
integers. The only zeros at x = Q+mb+ nb−1 are predited by the unitarity relation
Sb(x)Sb(Q− x) = 1 (115)
whih is a diret onsequene of (113). The following argument doubling relation is useful to
arrive at (30) in the main body of the paper
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